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Abstract
The recent background imaging of cosmic extragalactic polarization (BICEP2) observations are
believed as an evidence for the cosmic inflation. BICEP2 provided a first direct evidence for the
inflation, determined its energy scale and debriefed witnesses for the quantum gravitational processes.
The ratio of scalar-to-tensor fluctuations r which is the canonical measurement of the gravitational
waves, was estimated as r = 0.2+0.07
−0.05. Apparently, this value agrees well with the upper bound
value corresponding to PLANCK r ≤ 0.012 and to WMAP9 experiment r = 0.2. It is believed that
the existence of a minimal length is one of the greatest predictions leading to modifications in the
Heisenberg uncertainty principle or a generalization of the uncertainty principle (GUP) at the Planck
scale. In the present work, we investigate the possibility of interpreting recent BICEP2 observations
through quantum gravity or GUP. We estimate the slow-roll parameters, the tensorial and the scalar
density fluctuations which are characterized by the scalar field φ. Taking into account the background
(matter and radiation) energy density, φ is assumed to interact with the gravity and with itself. We first
review the Friedmann-Lemaitre-Robertson-Walker (FLRW) Universe and then suggest modification in
the Friedmann equation due to GUP. By using a single potential for a chaotic inflation model, various
inflationary parameters are estimated and compared with the PLANCK and BICEP2 observations.
While GUP is conjectured to break down the expansion of the early Universe (Hubble parameter
and scale factor), two inflation potentials based on certain minimal supersymmetric extension of the
standard model result in r and spectral index matching well with the observations. Corresponding to
BICEP2 observations, our estimation for r depends on the inflation potential and the scalar field. A
power-law inflation potential does not.
PACS numbers: 98.80.Cq, 04.60.-m, 98.80.Cq
Keywords: Inflationary universe, Quantum gravity, Early Universe
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I. INTRODUCTION
Constrains to the inflationary cosmological models can be set by cosmological observations
[1, 2]. The inflationary expansion not only solves various problems, especially in the early
Universe such as the Big Bang cosmology [3–7], but also provides an explanation for the large-
scale structure from the quantum fluctuation of an inflationary field, φ [8–10]. Furthermore,
the gravitational waves and the polarization due to the existence of the inflation was discovered
in the cosmic microwave background (CMB) [11].
Not only the physicists around the world are very aware of the existence of the background
imaging of cosmic extragalactic polarization (BICEP2) telescope at the south pole, but the
world public as well. It is believed that the BICEP2 observations offer an evidence for the
cosmic inflation [11]. Other confirmations from Planck [12, 13] and WMAP9 [14] measurements,
for instance, are likely in near future. BICEP2 did not only provide the first direct evidence
for the inflation, but also determined its energy scale and furthermore debriefed witnesses for
the quantum gravitational processes in the inflationary era, in which a primordial density and
gravitational wave fluctuations are created from the quantum fluctuations [15, 16]. The ratio
of scalar-to-tensor fluctuation, r, which is a canonical measurement of the gravitational waves
[1, 2], was estimated by BICEP2, r = 0.2+0.07
−0.05 [11]. This value is apparently comparable with
the upper bound value corresponding to PLANCK r ≤ 0.012 and to WMAP9 experiment
r = 0.2. On the other hand, the PLANCK satellite [12, 13] has reported the scalar spectral
index ns ≈ 0.96.
If these observations are true, then the hypothesis that our Universe should go through a
period of cosmic inflation will be confirmed and the energy scale of inflation should be very near
to the Planck scale [17]. The large value of tensor-to-scalar ratio, r, requires inflation fields as
large as the Planck scale. This idea is known as the Lyth bound [18–20], which estimates the
change of the inflationary field ∆φ,
∆φ
Mp
=
√
r
8
∆N, (1)
where Mp is the Planck mass and ∆N denotes the number of e-folds corresponding to the
observed scales in the CMB left the inflationary horizon. Since the Planckian effects become
important and need to be taken into account during the inflation era, as indicated by the Lyth
bound, then ∆φ should be smaller than or comparable with the Planck scale | ∆φ |≪ Mp.
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This constrain suggests focusing on concrete inflation field models. In this case, the many
corrections suppressed by the Planck scale appear less problematic but come in tension with
BICEP2 discovery. Thus, more observations are required to confirm this conclusion.
Various approaches to the quantum gravity (QG) offer quantized description for some prob-
lems of gravity, for details readers can consult Ref. [21]. The effects of minimal length and
maximal momentum which are likely applicable at the Planck scale (inflation era) which lead to
modifications in the Heisenberg uncertainty principle appear in quadratic and/or linear terms of
momentum. These can be implemented at this energy scale. The quadratic GUP was predicted
in different theories such as string theory, black hole physics and loop QG [21–35]. The latter,
the linear GUP, was introduced by doubly Special Relativity (DSR), which suggests a minimal
uncertainty in position and a maximum measurable momentum [21, 36–38]. Accordingly, a min-
imum measurable length and a maximum measurable momentum [39–41] are simultaneously
likely. This offers a major revision of the quantum phenomena [21, 42, 43]. This approach has
the genetic name, Generalized (gravitational) Uncertainty Principle (GUP). Recently, various
implications of GUP approaches on different physical systems have been carried out [44–50],
App. A.
In the present work, we estimate various inflationary parameters which are characterized by
the scalar field φ and apparently contribute to the total energy density. Taking into account
the background (matter and radiation) energy density, the scalar field is assumed to interact
with the gravity and with itself. The coupling of φ to gravity is assumed to result in total infla-
tion energy. We first review the Friedmann-Lemaitre-Robertson-Walker (FLRW) Universe and
then suggest modifications in the Friedmann equation due to GUP. Using modified Friedmann
equation and a single potential for a chaotic inflation model, the inflationary parameters are
estimated and compared with PLANCK and BICEP2 observations.
The applicability of the GUP approaches in estimating inflationary parameters comparable
with the recent BICEP2 observations will be discussed. In section II, we present Friedmann-
Lemaitre-Robertson-Walker (FLRW) Universe and introduce the modification of Friedmann
equation due to GUP at planckian scale in matter and radiation background. In section III, the
modified Friedmann equation in cosmic inflation will be introduced. Some inflation potentials
for chaotic inflation models will be surveyed. We suggest to implement the single inflationary
field φ. In the cosmic inflation models and quantum fluctuations, the inflationary parameters
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are given in section IV. The discussion and final conclusions will be outlined in section V.
Appendix A1 gives details about the higher order GUP with minimum length uncertainty and
maximum measurable momentum in Hilbert space. The applicability of GUP to the cosmic
inflation will be elaborated in Appendix A2. The modified dispersion relation (MDR) as an
alternative to the GUP will be introduced in App. B.
II. GENERALIZED UNCERTAINTY PRINCIPLE IN FLRW BACKGROUND
In (n+ 1)-dimensional FLRW Universe, the metric can be described by the line element as
[51]
ds2 = c2dt2 + a(t)2
(
dr2
1− κ r2 + r
2 dθ2 + r2sin2 dφ2
)
, (2)
where a(t) is the scale factor and κ is the curvature constant that measures the spatial flatness
±1 and 0. In Einstein-Hilbert space, the action reads
S =
∫ (
1
8 πG
LG + Lφ
)
dΩ, (3)
where dΩ = dθ + sinθ dφ , G is the gravitational constant, LG is the geometrical Lagrangian
related to the line element of the FLRW Universe and Lφ [52] is Lagrangian coupled to the
scalar field φ
Lφ = − [gµν ∂µφ ∂νφ+ V (φ)] , (4)
where V (φ) is the potential and gµν is diagonal matrix diag {1,−1,−1,−1}. Under the as-
sumption of homogeneity and isotropy, a standard simplification of the variables leads to the
FLRW metric, where the gradient of the scalar field vanishes. The integration of the action,
Eq. (3), over a unit volume results in Lφ = −12a3φ˙2 − a3V (φ). Since the FLRW Lagrangian of
scalar field evaluated at vanishing mass, results in,
L =
1
2
a3 φ˙2 − 3
8 πG
(
a a˙2 − a κ) , (5)
and the energy-momentum tensor reads
T µν = ∂ν
∂L
∂(∂µ φ)
− gµνL, (6)
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while the four momentum tensor is given by P µ = T µ 0 and the Hamiltonian constraint H =
P 0 = T 0 0
H = π ∂L
∂(∂0φ)
− L, (7)
where the π = ∂L/∂φ˙ is known as the canonical momentum conjugate for the scalar field φ.
Thus, the total Hamiltonian is given as
h =
∫
d3 xH. (8)
The scalar field becomes equivalent to a perfect fluid with respectively energy density and
pressure
ρ =
φ˙
2
+ V (φ), (9)
p =
φ˙
2
− V (φ). (10)
When taking into account the cosmological constant Λ, then the energy density ρ→ ρ+ ρv,
with ρv = Λ/8 πG. Using Eq. (5) and taking into account Eq. (9), the dynamics of such
models are summarized in the Hamiltonian constraint
H = −2π G
3
p2a
a
− 3
8 πG
κa + a3ρ ≡ 0. (11)
This equation is equivalent to the estimation for FLRW Universe [53–55], where the momenta
pa associated with the scalar factor are defined as
pa :=
∂L
∂a˙
=
−3
4 πG
a a˙. (12)
The standard Friedmann equations can be extracted from the equations of motion which can
be derived from the extended Hamiltonian by exchanging the negative sign in Eq. (11) in order
to estimate the exact form of Friedmann equations
HE = 2πG
3
p2a
a
+
3
8 πG
κa− a3ρ. (13)
Based on the relationship between the commutation relation and the Poisson bracket which was
first proposed by Dirac [56], we get for two quantum counterparts Aˆ and Bˆ and two observables
A and B that
[Aˆ, Bˆ] = i h¯ {A,B}. (14)
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In the standard case, the canonical uncertainty relation for variables of scale factor a and
momenta pa satisfies the Poisson bracket {a, pa } = 1. Then, the equations of motion read
a˙ = {a, HE} = {a, pa}∂HE
∂pa
=
(
4 πG
3
)
pa
a
, (15)
p˙a = {pa, HE} = −{a, pa}∂HE
∂a
=
(
2 πG
3
)
p2a
a2
− 3
8 πG
κ + 3 a2ρ + a3
∂ρ
∂a
. (16)
From Eqs. (15) and (16) and the Hamiltonian constrain, Eq. (11), then the Friedmann equation
is given as
H2 =
(
8 πG
3
)
ρ − κ
a2
, (17)
where H = a˙/a is the Hubble parameter. For a cosmic fluid, the energy density is combined
from a contribution due to the inflation ρ(φ), Eq. (9) and another part related to the inclusion
of the cosmological constant, ρv.
Now, we consider the higher-order GUP in deformed Poisson algebra in order to study
classical approaches, such as Friedmann equations, Appendix A. We introduce GUP in terms
of first order α [21]. Accordingly, the Poisson bracket between the scale factor a and momenta
pa reads
{a , pa} = 1− 2α pa. (18)
We follow the same procedure as in Eq. (17), but for a modified term of QG, we will use the
extended Hamiltonian with the Poisson brackets to get the modified equations of motion
a˙ = {a, pa}∂HE
∂pa
= (1− 2αpa) 4πG
3
pa
a
, (19)
p˙a = {a, pa}∂HE
∂a
= (1− 2αpa)
(
2πG
3
p2a
a2
− 3
8πG
κ + 3a2ρ+ a3
dρ
da
)
. (20)
By using Eqs. (19) and (20) with the scalar constraint, Eq. (11), we obtain the modified
Friedmann equation
H2 =
(
8πG
3
ρ− κ
a2
)[
1 − 3α a
2
πG
(
8πG
3
ρ− κ
a2
)1/2]
. (21)
By considering the standard case, Eq. (17), in which α vanishes for κ = 0, we find that the
modified Friedmann equation reads
H2 =
8 πG
3
ρ
[
1− 3αa2
√
8
3 πG
ρ1/2
]
. (22)
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A. Bounds on GUP parameter
The GUP parameter is given as α = α0/(Mpc) = α0ℓp/h¯, where c, h¯ and Mp are speed
of light and Planck constant and mass, respectively. The Planck length ℓp ≈ 10−35 m and
the Planck energy Mpc
2 ≈ 1019 GeV. α0, the proportionality constant, is conjectured to be
dimensionless [39]. In natural units c = h¯ = 1, α will be in GeV−1, while in the physical units,
α should be in GeV−1 times c. The bounds on α0, which was summarized in Ref. [41, 57, 58],
should be a subject of precise astronomical observations, for instance gamma ray bursts [48].
• Other alternatives were provided by the tunnelling current in scanning tunnelling mi-
croscope and the potential barrier problem [59], where the energy of the electron beam
is close to the Fermi level. We found that the varying tunnelling current relative to its
initial value is shifted due to the GUP effect [57, 59], δI/I0 ≈ 2.7 × 10−35 times α20 . In
case of electric current density J relative to the wave function Ψ, the current accuracy
of precision measurements reaches the level of 10−5. Thus, the upper bound α0 < 10
17.
Apparently, α tends to order 10−2 GeV−1 in natural units or 10−2 GeV−1 times c in
physical units. This quantum-mechanically-derived bound is consistent with the one at
the electroweak scale [57–59]. Therefore, this could signal an intermediate length scale
between the electroweak and the Planck scales [57–59].
• On the other hand, for a particle with mass m mass, electric charge e affected by a
constant magnetic field ~B = Bzˆ ≈ 10 Tesla, vector potential ~A = B x yˆ and cyclotron
frequency ωc = eB/m, the Landau energy is shifted due to the GUP effect [57, 59] by
∆En(GUP )
En
= −
√
8m α (h¯ ωc)
1
2
(
n+
1
2
) 1
2
≈ −10−27 α0. (23)
Thus, we conclude that if α0 ∼ 1, then ∆En(GUP )/En is too tiny to be measured. But
with the current measurement accuracy of 1 in 103, the upper bound on α0 < 10
24 leads
to α = 10−5 in natural units or α = 10−5 times c in the physical units.
• Similarly, for the Hydrogen atom with Hamiltonian H = H0+H1, where standard Hamil-
tonian H0 = p
2
0/(2m) − k/r and the first perturbation Hamiltonian H1 = −α p30/m, it
can be shown that the GUP effect on the Lamb Shift [57, 59] reads
∆En(GUP )
∆En
≈ 10−24 α0. (24)
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Again, if α0 ∼ 1, then ∆En(GUP )/En is too small to be measured, while the current
measurement accuracy gives 1012. Thus, we assume that α0 > 10
−10.
In light of this discussion, should we assume that the dimensionless α0 has the order of unity
in natural units, then α equals to the Planck length ≈ 10−35 m. The current experiments seem
not be able to register discreteness smaller than about 10−3-th fm, ≈ 10−18 m [57, 59]. We
conclude that the assumption that α0 ∼ 1 seems to contradict various observations [48] and
experiments [57, 59]. Therefore, such an assumption should be relaxed to meet the accuracy of
the given experiments. Accordingly, the lower bounds on α ranges from 10−10 to 10−2 GeV−1.
This means that α0 ranges between 10
9 c to 1017 c.
B. Standard model solution of Universe expansion
In a toy model [60, 61], the prefect cosmic fluid contributing to the stress tensor Tµν can be
characterized by symmetries of the metric, homogeneity and isotropy of the cosmic Universe.
Thus, the total stress-energy tensor Tµν must be diagonal and the spatial components will be
given as
Tµν = diag(ρ,−p,−p,−p). (25)
Assuming that all types of energies in the early Universe are heat Q captured in a closed
sphere with radius equal to scale factor a of volume V = 4π a3/3, the energy density during
the expansion ρ = U/V , where U is internal energy [60, 61]. The first law of thermodynamic
satisfies of the total energy conservation
dQ = dU + p dV = 0. (26)
By substituting the totally differential of the energy density, d ρ = dU/V − U dV/V 2 into Eq.
(26), we get
d ρ = −3da
a
(ρ+ p). (27)
Dividing both sides over dt results in
ρ˙ = −3H(ρ+ p). (28)
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For a very simple equation of state, ω = p/ρ, where ω is independent of time, the energy density
reads
ρ ∼ a−3(1+ω). (29)
The radiation-dominated phase is characteristic by ω = 1/3 or p = ρ/3. Therefore, ρ ∼ a−4, the
scaling factor, a ∼ const. t1/2 and the Hubble parameter, H = 1/(2t). In the matter-dominated
phase, ω = 0, i.e. p≪ ρ. Therefore, ρ ∼ a−3, a ∼ const. t2/3 and H = 2/(3t).
The left-hand panel (a) of Fig. 1 shows the Hubble parameter, H in dependence on the
scale factor, a. The standard (without GUP), Eq. (17) are compared with the modified (with
GUP) characterizations of the cosmic fluid, Eq. (22) in the flat universe. It is obvious that H
in both cases (with/without GUP) diverges at vanishing a. This would mean that a singularity
exists at the beginning. The GUP has the effect to slightly slow down the expansion rate of
the Universe. This is valid for both cases of cosmic background, radiation and matter.
In the right-panel (b) of Fig. 1, the dependence of the scale factor, a, on the cosmic time,
t, is given for both cases of cosmic matters, radiation and matter with and without GUP.
Apparently, the GUP is not sensitive to the matter-dominated phase but has a clear effect on
the radiation-dominated phase. The GUP breaks down the expansion.
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Fig. 1: (Color online) Left-hand panel (a) presents the variation of the Hubble parameter H with
respect to the scale factor a. Matter- and radiation-dominated phases with and without GUP are
compared with each other. Right-hand panel (b) presents the scale factor a as function of the cosmic
time t. Various parameters are fixed, G = 1 and α = 10−2 GeV−1.
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III. COSMIC INFLATION
Here, we estimate various inflation parameters, which are characterized by the scalar field
φ and apparently contribute to the total energy density [1, 2]. Also, taken into account the
background (matter and radiation) energy density, the scalar field is assumed to interact with
the gravity and with itself [1, 2, 6, 62, 63]. In order to reproduce the basics of the field theory,
the coupling of φ to gravitation results in total inflation energy
1
2
(
φ˙2 + (∇φ)2
)
+ V (φ). (30)
The dynamics of the inflation can be described by two types of equations:
• the Friedmann equation, which describes the contraction and expansion of the Universe
and
• the Klein-Gordon equation, which is the simplest equation of motion for a spatially ho-
mogeneous scalar field
φ¨+ 3H φ˙+ ∂φV (φ) = 0, (31)
where ∂φ ≡ ∂/∂φ.
In a flat Universe, κ = 0, the total inflation energy, Eq. (30) and the energy density due to the
cosmological constant ρv = Λ/8 πG, can be substituted in the modified Friedmann equation,
Eq. (22),
H2 =
8πG
3
[
φ˙2 + (∇φ)2
2
+ V (φ) + ρv
]1− 3αa2
√
8
3πG
(
φ˙2 + (∇φ)2
2
+ V (φ) + ρv
)1/2 . (32)
In rapidly expanding Universe and if the inflation field starts out sufficiently homogeneous,
the inflation field becomes minimum, very slow [1, 2]. This would be modelled by a sphere
in a viscous medium, where both the energy densities due to matter ρm and radiation ρr are
neglected
(∇φ)2 ≪ V (φ), (33)
φ¨ ≪ 3H φ˙, (34)
φ˙2 ≪ V (φ). (35)
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The first inequality, Eq. (33), is obtained under the assumption of homogeneity and isotropy
of the FLRW Universe [1, 2], while the second inequality, Eq. (34), states that the scalar field
changes very slowly so that the acceleration would be neglected [1, 2]. The third inequality,
Eq. (35), gives a principle condition for the expansion. Accordingly, the kinetic energy is
much less than the potential energy [1, 2]. Apparently, the Universe expansion accelerates [6].
Therefore, the modified Friedmann equation, Eq. (32) and the Klein-Gordon equation, Eq.
(31), respectively read
H2 =
8πG
3
(V (φ) + ρv)
[
1− 3α a2
√
8
3πG
( V (φ) + ρv)
1/2
]
, (36)
φ˙ = − 1
3H
∂φV (φ). (37)
The cosmological constant characterizes the minimum mass that is related to the Planck mass
MP =
√
h¯c/G. The Planck length ℓp =
√
h¯G/c3 [64] is also related to the mass quanta, where
quantized mass [65] is proportional to the GUP parameter α = α0/(Mpc). The cosmological
constant Λ is one of the foundation of gravity [65]. It related the Planck (quantum scale) and
the Einstein (in cosmological scale) masses, MP and ME , respectively, with each other [65]
Mp =
(
h
c
)(
Λ
3
)1/2
, (38)
ME =
(
c2
G
)(
3
Λ
)1/2
. (39)
By using natural units h¯ = c = 1, the modified Friedmann equation, Eq. (36), becomes
H2 =
4π
3 M2p
{[
V (φ) +
3M4p
4 π
]
− 3α a2
√
16M2p
3 π
[
V (φ) +
3M4p
4 π
]3/2}
. (40)
There are various inflation models such as chaotic inflation models, which suggest different
inflation potentials [6, 62, 63]. Now, it is believed that they are better motivated than other
models [6, 62, 63]. In this context, there are two main types of models; one with a single inflation
field and the other one combines two inflation fields. Here, we summarize some models requiring
a single inflation-field φ which in some regions satisfies the slow-roll conditions,
Polynomial chaotic inflation V (φ) =
1
2
m2φ2, V (φ) = λφ4, (41)
Power-law inflation V (φ) = V0 exp
[√
16 πG
p
φ
]
, (42)
Natural inflation V (φ) = V0
(
1 + cos
φ
f
)
, V (φ) ∝ φ−β. (43)
Based on this concept, we select three different inflation potential models, Eqs. (45), (46)
and (47). The first one is based on certain minimal supersymmetric extensions of the standard
model for elementary particles [66] and the related effects have been studied, recently [66, 68].
It has two free parameters, m and λ,
V (φ) =
(
m2
2
)
φ2 −
(√
2 λ (n− 1)m
n
)
φn +
(
λ
4
)
φ2(n−1), (44)
where n > 2 is an integer. At n = 3,
V1(φ) =
(
m2
2
)
φ2 −
(
2
√
λm
3
)
φ3 +
(
λ
4
)
φ4, (45)
which is an S-dual inflationary potential [69] with a free parameter f . The S duality has its
origin in the Dirac quantization condition of the electric and magnetic charges [70]. This would
suggest an equivalence in the description of the quantum electrodynamics [70],
V2(φ) = V0 sech
(
φ
f
)
. (46)
For a power-law inflation with the free parameter d [62, 71],
V3(φ) =
3M2pd
2
32π
[
1− exp
(
− 16π
3M2p
1/2
φ
)]2
. (47)
For these inflation potentials, Eqs. (45), (46) and (47), the inflation parameters such as
potential slow-roll parameters ǫ, η, tensorial pt and scalar ps density fluctuations, the ratio
of tensor-to-scalar fluctuations r, scalar spectral index ns and the number of e-folds with the
inflation era Ne can be estimated.
Fig. 2 shows the variation of the different inflation potentials, Eqs. (45), (46) and (47),
normalized with respect to initial potential V0 with the single inflation field φ according to
Lyth bound during the inflation era [18–20] and normalized with respect to Mp. The inflation
field, φ ≡ ∆φ = (φ0 − φend) should be smaller than or comparable with the Planck scale Mp.
This was confirmed by the BICEP2 observation conditionally with this bound of small scalar
field [18–20]. The potentials, Eqs. (45) and (47) increase with φ/Mp, while the third potential,
Eq. (46) , decreases. This means that the latter is finite at vanishing inflation field, φ, while
the earlier vanishes.
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Fig. 2: (Color online) The variation of inflation potentials V/V0 is given in dependence on scalar field
φ/Mp at limited free constants. The solid, long-dashed and dotted line stands for V1(φ), V2(φ) and
V3(φ), respectively.
IV. FLUCTUATIONS AND SLOW-ROLL PARAMETERS IN THE INFLATION
ERA
In very early Universe, the scaler field φ is assumed to derive the inflation [6, 62, 63]. The
main potential slow-roll parameters are given as
ǫ ≡ M
2
p
16 π
(
∂φV (φ)
V (φ)
)2
, (48)
η ≡ M
2
p
8π
(
∂2φV (φ)
V (φ)
)
. (49)
Fig. 3 shows the variation of the potential slow-roll parameters as functions of the scalar
field. Various inflation potentials, Eqs. (45), (46) and (47) are used to deduce the slow-roll
parameters, Eqs. (48) and (49). The scalar fields in left- (a) and right-hand panel (c) result in
slow-roll parameters, which start from large values at small field. Then, they rapidly decline
(vanish) as the scalar field increases. The field presented in the middle panel gives slow-roll
parameters with relatively very small values, but seem to remain stable with the field.
The tensorial and scalar density fluctuations are given as [6, 62, 63]
pt =
(
H
2π
)2 [
1− H
Λ
sin
(
2Λ
H
)]
=
(
H
2 π
)2 [
1− H
3M2p
sin
(
6M2p
H
)]
, (50)
ps =
(
H
φ˙
)2(
H
2π
)2 [
1− H
Λ
sin
(
2Λ
H
)]
=
(
H
φ˙
)2(
H
2 π
)2 [
1− H
3M2p
sin
(
6M2p
H
)]
. (51)
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Fig. 3: (Color online) From the left- (a) middle (b) and right-hand (c) panels present the slow-
roll parameters associated with V1(φ) from Eq. (45), V2(φ) from Eq. (46) and V3(φ) from (47) ,
respectively. The solid and dot-dashed curves represent ǫ and η parameters, respectively.
Fig. 4 shows the dependence of tonsorial (top panel) and scalar (bottom) density fluctuations,
Eqs. (50) and (51), on the scalar field of inflation φ. We show the fluctuations corresponding
to the inflation potential and find that the tonsorial and scalar density fluctuations decrease as
scalar field of inflation φ increases. The tonsorial density fluctuations (top panel) corresponding
the inflation potentials, V1(φ) from Eq. (45), V2(φ) from Eq. (46) and V3(φ) from (47), look
similar. There is a rapid rise at small and a decrease at large φ/Mp. For the inflation potential
given in Eq. (47), φ/Mp at which the peak takes place is smaller than that for Eq. (45).
No systematic comparison can be done for the scalar (bottom panel) density fluctuations of
the different inflation potentials. The left-hand and the middle panels shows that the potential,
Eqs. (45) and (46), very rapidly decreases with φ/Mp. Then, increasing φ/Mp does not change
the fluctuations. The right-hand panel, Eq. (47), presents another type of scalar density
fluctuations, which remain almost unchanged for a wide range of φ/Mp. Then, the fluctuations
are almost damped, at large φ/Mp.
The results corresponding to α = 10−2 GeV−1 are depicted. Exactly the same curves are
also obtained at α = 10−19 GeV−1 (not shown here). The earlier value is related to α0 = 10
17 c
while the latter to α0 = 1 c. In light of this, the bounds on α0 seem not affecting the evolution
of both tonsorial and scalar density fluctuations with the scalar field of inflation φ.
Therefore, we can now study the ratio of tensor-to-scalar fluctuations, r, which obviously
reads [6, 62, 63]
r =
pt
ps
=
(
φ˙
H
)2
, (52)
relating potential evolution with the Hubble parameter H . Corresponding to the tensor-to-
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Fig. 4: (Color online) The top panels show the tonsorial density fluctuations, pt, in dependence on
the scalar field φ/Mp. The bottom panels give the scalar density fluctuations ps in dependence on
the scalar field φ/Mp. Each column is associated with an inflation potential model. The results
corresponding to α = 10−2 GeV−1 are depicted, only. Exactly same curves are also obtained at
α = 10−19 GeV−1 (not shown here).
scalar fluctuations, a spectral index ns can be defined
ns = 1−
√
r
3
. (53)
The number of e-folds is given by numbers of the Hubble Ne ≈ 60 [62] or the integral of the
expansion rate,
Ne =
∫ tf
ti
H(t) dt = −3
∫ φf
φ
H2
∂φ V (φ)
dφ, (54)
where
H(t) dt =
H
φ˙
dφ = −3 H
2
∂φ V (φ)
dφ. (55)
In Fig. 5, the left-hand panel shows the ratio of tonsorial to scalar density fluctuations r in
dependence on φ/MP . The dashed curves are evaluated at α = 10
−2 GeV−1, while the solid
thick curves at α = 10−19 GeV−1. The earlier value is corresponding to α0 = 10
17 while the
latter to α0 = 1. It is obvious that the bounds on α0 do no affect the ratio of tonsorial to scalar
density fluctuations r in dependence on φ/MP . The behavior of the tonsorial to scalar ratio is
limited by the modified Friedmann equation (in the presence of GUP), where the GUP physics
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is related to the gravitational effect on such model at the Planck scale. The GUP parameter
α - appearing in the modified Friedmann equation - should play an important role in bringing
the value of r very near to both PLANCK and BICEP2, r = 0.2+0.07
−0.05. According to Eq. (40),
α breaks (slows) down the expansion rate, H , compared with Fig. 1. It is obvious that the
parameters related to the Gaussian sections of the three curves match nearly perfectly with the
results estimated by the PLANCK and BICEP2 collaborations (compare with Fig. 6).
The right-hand panel of Fig. 5 shows the variation of the spectral index, ns, with scalar
field for the three inflation potentials, Eqs. (45), (46) and (47). Again, the dashed curves are
evaluated at α = 10−2 GeV−1, while the solid thick curves at α = 10−19 GeV−1. It is obvious
that the bounds on α0 do no affect the dependence of spectral index, ns on φ/MP .
Figure 6 summarizes the observations of PLANCK [12, 13] and BICEP2 [11] collaborations
together with the parametric dependence of spectral index ns and the ratio r. Both parametric
quantities are functions of φ, Eqs. (52) and (53). We find that the region of PLANCK
at 1 σ [12, 13] and BICEP2 at 1 σ [11] observations for r and ns is crossed by our
parametric calculations for r vs. ns for two different potentials Eqs. (45) and (46).
For the inflation potential, Eq. (47), the parametric calculations for r vs. ns are very small.
This can be interpreted due to the large minimum in the right-hand panel of Fig. 5, which
means that main part of ns calculated for this potential is entirely excluded (out of the range).
The related part is obviously very small. The authors of Ref. [67] predict variations of the
fluctuations tensor with the spectral index at 55 e-folding corresponding to a for the chaotic
inflation potential,
V (φ) =
m2φ2
2
(1− a φ+ a2bφ2)2. (56)
Our results fit well with the curves of Ref. [67] (open symbols in Fig. 6) which have an excellent
agreement with PLANCK and BICEP2 observations. It is worthwhile to highlight that they are
deduced using other methods than ours. The main difference is the varying chaotic potential
parameters at a constant inflation field. Furthermore, Ref. [67] gives ns(a) and r(a), while we
are varying various potential with the scalar field at constant potential parameters and estimate
ns(φ) and r(φ). The parametric dependence of ns(a) and r(a) is given in Fig. 6.
It is apparent that the graphical comparison in Fig. 6 presents an excellent
agreement between the observations of PLANCK [12, 13] and BICEP2 [11] and
the parametric calculations, especially for the inflation potentials, Eqs. (45) and
17
(46). The agreement is apparently limited to the values given by the parametric
calculations, while the observations are much wider.
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Fig. 5: (Color online) Left-hand panel shows the ratio of tonsorial-to-scalar density fluctuations, r, in
dependence on φ/Mp calculated for the inflation potentials V1(φ), V2(φ) and V3(φ). The right-hand
panel gives the spectral index ns vs. φ/Mp. The dashed curves are evaluated at α = 10
−2 GeV−1,
while the solid curves at α = 10−19 GeV−1.
Tab. I summarizes the results of r and ns at various scalar fields φ/Mp for the three inflation
potentials, V1(φ) from Eq. (45), V2(φ) from Eq. (46) and V3(φ) from (47). The BICEP2-relevant
results are r ranging from 0.15 from 0.27 and simultaneously ns between 0.94 and 0.98. It is
apparent that the results from V3(φ) do not appear in this r − ns window. The results from
V1(φ) and V2(φ) obviously do. While V1(φ) allows a wide range of φ, V2(φ) is only relevant for
a narrower one. Fig. 6 represents this comparison, graphically.
V. DISCUSSION AND CONCLUSIONS
The BICEP2 results announced on March 17, 2014 made the physicists around the globe
having another view about the evidence of Universe and its expansion, especially at about the
inflation era. The cosmic inflation is based on the assumption that an extreme inflationary
phase should take place after the Big Bang (at about the Planck time). Thus, the Universe
should expand at a superluminal speed. On the other hand, the inflation would result from
a hypothetical field acting as a cosmological constant to produce an acceleration expansion of
the Universe.
Argumentation about the applicability of GUP on the inflation era will be elaborated in Ap-
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Fig. 6: (Color online) Contours showing PLANCK and BICEP2 results at 1σ and 2σ confidence
compared with the parametric calculations for r as function of scalar spectral index ns. The parametric
calculations for chaotic inflation potential given in Ref. [67], the square (b = 0.34) and circle (b = 5)
balls corresponds to (0.001 < a < 0.13) and inflation field φ ∼ 8.2 are also compared with.
pend. A 2. Due to the very high energy (quantum or Planck scale), the Heisenberg uncertainty
principle should be modified in terms of momentum uncertainty. The QG approach in form
of GUP appears in the modified Friedmann equation - in terms of α. This term reduces the
Hubble parameter, which appears in the denominator of the ratio of tonsorial-to-scalar density
fluctuations. Thus, the fluctuations ratio increases due to decreasing H . The fluctuations ratio
r has been evaluated as function of the spectral index ns. We found that the calculations match
well with the PLANCK and BICEP2 observations. This is the main conclusion of the present
work. We believe that the results point to the importance of quantum correlation during the
inflation era.
The estimation of the ns(a) and r(a) at 55 e-folds for a chaotic potential for different values
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∆φ
Mp
r for V1(φ) ns for V1(φ)
∆φ
Mp
r for V2(φ) ns for V2(φ)
∆φ
Mp
r for V3(φ) ns for V3(φ )
0.21 0.263 0.934 0.07 0.157 0.961 0.02 0.118 0.801
0.22 0.254 0.936 0.08 0.182 0.954 0.03 0.192 0.746
0.23 0.245 0.939 0.09 0.204 0.950 0.04 0.240 0.717
0.24 0.236 0.941 0.10 0.219 0.945 0.05 0.258 0.707
0.25 0.227 0.943 0.11 0.230 0.942 0.06 0.255 0.708
0.26 0.218 0.945 0.15 0.227 0.943 0.07 0.239 0.717
0.27 0.210 0.947 0.16 0.218 0.945 0.08 0.218 0.730
0.29 0.193 0.951 0.17 0.207 0.948 0.09 0.194 0.745
0.3 0.185 0.953 – – – 0.1 0.172 0.761
0.32 0.171 0.957 – – – 0.11 0.151 0.775
0.33 0.164 0.959 – – – – – –
0.35 0.151 0.962 – – – – – –
0.36 0.145 0.963 – – – – – –
Tab. I: The ratio of tonsorial to scalar density, the fluctuations r and the spectral index ns associated
with the scalar field for different inflation potentials, V1(φ) from Eq. (45), V2(φ) from Eq. (46) and
V3(φ) from (47).
of b and varying inflation as function of a. The parameters b = 0.34 (open squares) and b = 5
(open circles) are corresponding to (0.001 < a < 0.13) and inflation field φ ∼ 8.2ss [67]. The
authors predict the variation of the fluctuation tensor with the spectral index. The best curves
in Ref. [67] agree well with PLANCK and BICEP2. These are deduced using another method,
varying a and selecting out the suitable scalar field. The main difference with our method is
the is the varying chaotic potential parameters at constant inflation field. We vary the inflation
potential with the scalar field at constant potential parameters.
We have reviewed different inflationary potentials and estimated the modifications of the
Friedmann equation due to the GUP approach. We found that
• the first potential, Eq. (45), gives a power law of the scalar inflation-field. This is based
on certain minimal supersymmetric extensions of the standard model [66].
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• The second potential, Eq. (46), hypothesizes that the potential should be invariant
under the S-duality constraint g → 1/g, or φ→ −φ, where φ is the dilation/inflation and
g ≈ exp (φ/M) [69]. The S-duality had its roots in the Dirac quantization condition for
the electromagnetic field. Thus, it should be equivalence to the description of quantum
electrodynamics as either a weakly coupled theory of electric charges or a strongly coupled
theory of magnetic monopoles [72]. The latter, Eq. (47) appeared in an exponential form
with a power-law inflation field. These inflationary potentials seem to agree well with of
the observations of PLANCK and BICEP2 collaborations at different 1 σ and 2 σ. In the
range of spectral index and fluctuation ratio.
• The potential, Eq. (47) disagrees. Few remarks are now in order. The agreement should
be limited to the values given by the parametric calculations. The PLANCK and BI-
CEP2 observations are much wider but have uncertainties in r of order 25%. We have
presented through a conceivable way the effects of reasonably-sized GUP parameter of
our estimation for r.
We conclude that depending on the inflation potential V (φ) and the scalar field, φ, the GUP
approach seems to reproduce the BICEP2 observations r = 0.2+0.07
−0.05, which also have been fitted
by using 55 e-folds for a chaotic potential for varying inflation and seem to agree well with the
upper bound value corresponding to PLANCK and to WMAP9 experiment.
Appendix A: Generalized uncertainty principle (GUP)
1. Minimal length uncertainty and maximum measurable momentum
The commutator relation [39–41], which are consistent with the string theory, the black holes
physics and DSR leads to
[xˆi, pˆj] = ih¯
[
δij − α
(
pδij +
pipj
p
)
+ α2
(
p2δij + 3pipj
)]
, (A1)
implying a minimal length uncertainty and a maximum measurable momentum when im-
plementing convenient representation of the commutation relations of the momentum space
wave-functions [21, 42]. The constant coefficient α = α0/(Mp c) = α0 lp/h¯ is referring to the
quantum-gravitational effects on the Heisenberg uncertainty principle. The momentum pˆj and
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the position xˆi operators are given as
xˆiΨ(p) = x0i(1− α p0 + 2α2 p20) Ψ(p),
pˆj Ψ(p) = p0j Ψ(p). (A2)
We notice that p20 =
∑3
j p0j p0j satisfies the canonical commutation relations [x0i, p0j] = i h¯ δij .
Then, the minimal length uncertainty [39–41] and maximum measurable momentum [21, 42],
respectively, read
∆x ≥ (∆x)min ≈ h¯α,
pmax ≈ 1
4α
, (A3)
where the maximum measurable momentum agrees with the value which was obtained in the
doubly special relativity (DSR) theory [21, 36]. By using natural units, the one-dimensional
uncertainty reads [39–41]
∆x∆p ≥ h¯
2
(
1− 2α∆p + 4α2∆p2) . (A4)
This representation of the operators product satisfies the non-commutative geometry of the
spacetime [42]
[pˆi, pˆj] = 0,
[xˆi, xˆj ] = −i h¯ α
(
4α− 1
P
) (
1− α p0 + 2α2 ~p02
)
Lˆij . (A5)
The rotational symmetry does not break by the commutation relations [32, 42]. In fact, the
rotation generators can still be expressed in terms of position and momentum operators as
[21, 42]
Lij =
Xˆi Pˆj − Xˆj Pˆi
1− α p0 + 2α2 ~p02
. (A6)
2. Applicability of GUP to the cosmic inflation
The quantum aspects of the gravitational fields can emerge in the limit, where strong,
weak and electromagnetic interactions can be distinguished from each other. In the view of
gedanken experiments that have been designed to measure the apparent horizon area of a black
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hole in QG [26], the uncertainty relation is found preformed [25]. The deformed or modified
Heisenberg algebra, which was suggested to investigate GUP, introduces a relation between QG
and Poincare algebra [26]. Nevertheless, GUP given in quadratic forms [25, 27], which fits well
with the string theory and the black hole physics and introduces a minimal length uncertainty
and additional linear terms of momenta [36] agrees also well with DSR and assumes that the
momenta approach maximum value at very high energy (Planck scale) [36].
There are several observations supporting the concept of GUP approaches and offering a
possibility of studying the influence of the minimal length on the properties of a wide range of
physical systems, especially at quantum scale [25, 26, 34]. The effects of linear GUP approach
have been studied on compact stars [46], Newtonian law of gravity [45], inflationary parameters
and thermodynamics of the early Universe [47], Lorentz invariance violation [48] and measur-
able maximum energy and minimum time interval [73]. Furthermore, the effects of QG on the
quark-gluon plasma (QGP) are studied [49]. It was found that the GUP can potentially explain
the small observed violations of the weak equivalence principle in neutron interferometry exper-
iments [74]. Also, it was suggested [75] that GUP can be measured directly in Quantum Optics
Lab [40, 41]. The current researches of the quantum problems in the presence of gravitational
field at very high energy near to the Planck scale implies new physical laws and even corrections
of the spacetime of our Universe [27]. The quantum field theory in curved background can be
normalized by introducing a minimal observable length as an effective cut-off in ultraviolet
domain [27]. It is conjectured that the string can’t probe distances smaller than its own length.
For cosmic inflation, is the expansion of space in the early Universe. The inflationary epoch
lasted from 10−36 seconds after the Big Bang to sometime between 10−33 and 10−32 seconds
near to Planck scale. Following the inflationary period, the universe continues to expand, but
at a less accelerated rate. Actually, the GUP at very high energy Planck scale would likely be
applicable to contract these approach interpret of the quantum study of the inflationary of the
universe.
Appendix B: Modified Dispersion Relation (MDR)
Various observations support the conjectured that the Lorentz invariance might be violated.
The velocity of light should differ from c. Any tiny adjustment leads to modification of the
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energy-momentum relation and modifies the dispersion relation in vacuum state by δv [76–79].
In particular, at the Planck scale, the modifications of energy-momentum dispersion relation
have been considered in Refs. [80, 81]. Two functions p(E) as expansions with leading Planck-
scale correction of order LpE
3 and L2pE
4 respectively, reads [82],
~p2 ≃ E2 −m2 + α1 LpE3, (B1)
~p2 ≃ E2 −m2 + α2 L2pE4. (B2)
These are valid for a particle of massM at rest, whose position is being measured by a procedure
involving a collision with a photon of energy E and momentum p. Since the relations are
originated from Heisenberg uncertainty principle for position with precision δx, one should use
a photon with momentum uncertainty δp ≥ 1/δx. Based on the argument of Ref. [83] in loop
QG, we convert δp ≥ 1/δx into δE ≥ 1/δx. By using the special-relativistic dispersion relation
and δE ≥ 1/δx, then M ≥ δE. If indeed loop QG hosts a Planck-scale-modified dispersion
relation, Eq. (B2), thenδpγ ≥ 1/δx and this required that [82],
M ≥ 1
δx
(
1− α2
3L2p
2(δx)2
)
. (B3)
These results apply only to the measurement of the position of a particle at rest [83]. We can
generalize these results to measurement of the position of a particle of energy E.
• In case of standard dispersion relation, one obtains that E ≥ 1/δx as required for a linear
dependence of entropy on area, Eq. (B2)
• For the dispersion relation, Eq. (B2)
E ≥ 1
δx
(
1− α2
3L2p
2(δx)2
)
. (B4)
The requirements of these derivation lead in order of correction of log-area form.
• Furthermore,
E ≥ 1
δx
(
1 + α1
Lp
δx
)
. (B5)
In case of string theory, the ”reversed Bekenstein argument” leads to quadratic GUP, that fits
well with the string theory [84] and black holes physics,
δx ≥ 1
δp
+ λ2sδp. (B6)
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The scale λs in Eq. (B6) is an effective string length giving the characteristic length scale which
be identical with Planck length. Many researches of loop QG [80, 81] support the possibility
of the existence of a minimal length uncertainty and a modification in the energy-momentum
dispersion relation at Planck scale.
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